Abstract. Radio-frequency (RF) ablation is a low invasive technique for treatment of liver tumors. An RF-probe is inserted in the patient's liver and a ground pad is applied to the skin. Then the tumor is heated with RF current. The heat causes the destruction of tumor cells. We use the finite element method (FEM) to simulate and analyze various aspects of the procedure. A 3D image of the patient's liver is obtained from a magnetic resonance imaging (MRI) scan. Then, the geometry for the RFprobe and the ground pad is added. Our focus is on the influence of the position of the ground pads on the ablation process. Our simulation is based on an unstructured mesh. The size of the mesh is large due to the complexity of the domain. We discretize and solve the problem on a parallel computer using MPI for the parallelization. The presented numerical tests are performed on IBM Blue Gene/P machine at BGSC. The parallel efficiency of the incorporated BoomerAMG solver is demonstrated as well.
INTRODUCTION
RF ablation is a well known technique for treatment of tumors, especially of metastatic ones in various organs. Tumor cells are destroyed through heating, caused by RF alternating current. An RF probe is placed percutaneously in the tumor and a ground pad is applied to the patient's skin. Despite the broad clinical experience in recent years, some aspects of the procedure are still under study. There is an ongoing research in design of the RF probes. Also, the right procedure parameters are vital for the successful outcome -killing all of the tumor cells, with minimal damage of the normal ones.
Computer simulation on geometry obtained from an MRI scan of the patient is performed. The influence of the position of the ground pads to the ablated volume is investigated. This in itself is interesting from the medical point of view. Moreover, in other computer simulations, e.g., [1, 2, 3, 4] , the position of the ground pad is neglected. Usually in those, the computational domain has a simple (cubic) shape. Assuming the pad is far from the probe, the zero potential condition is applied on the whole boundary of the domain. Our goal was to check the correctness of this kind of setup. We also compare the results of the ablation, in terms of ablated volumes, when ground pads are put in different positions.
The rest of the paper is organized as follows. In Section 2, the mathematical model of the bioheat equation is presented, along with its numerical treatment. In Section 3, we describe our computer simulation setup, and show the results. Finally, in section 4, we conclude with some concluding remarks.
THE MATHEMATICAL MODEL

Bioheat equation
The RF ablation procedure destroys the unwanted tissue by heating, arising when the energy dissipated by the electric current flowing through a conductor is converted to heat. The bio-heat time-dependent partial differential equation [2, 3] 
is used to model the heating process during the RF ablation. The term J · E in (1) represents the thermal energy arising from the current flow and the term αh bl (T − T bl ) accounts for the heat loss due to blood perfusion. The following initial and boundary conditions are applied
The following notations are used in (1) and (2):
• Ω -the entire domain of the model; • α -tissue state coefficient
An important measure we use is the cumulative damage integral Ψ(t), see [1] :
where c(t) is the concentration of living cells, R is the universal gas constant, A is the "frequency" factor for the kinetic expression [s −1 ], and ΔE is the activation energy for the irreversible damage reaction [J mol −1 ] . The values used A = 7.39 × 10 39 s −1 and ΔE = 2.577 × 10 5 J mol −1 are taken from [1] . Tissue damage Ψ(t) = 4.6 corresponds to 99% probability of cell death. The value of Ψ(t) = 1, corresponding to 63% probability of cell death is significant, because at this point the tissue coagulation first occurs and blood perfusion stops. We account for the blood perfusion only in the liver by setting the tissue state coefficient α to zero in other tissues. In the liver α is set in accordance to the tissue damage at a point:
The bio-heat problem is solved in two steps. The first step is to find the heat source J · E. To do so, the distribution of the electric potential V is found by solving the Laplace equation:
with boundary conditions
The following notations are used in the above equations:
• V -Electric potential in Ω;
• σ -electric conductivity [S/m];
• V 0 -applied RF voltage;
• ∂ Ω el -surface of the conducting part of the RF probe.
• ∂ Ω pad -surface of the human body, where the ground pad is applied.
• ∂ Ω f = ∂ Ω \ ∂ Ω pad -the rest of the body surface.
After determining the potential distribution, the electric field intensity and the current density can be computed from
To mimic the actual medical equipment, we need to determine the potential V 0 for the second boundary condition of (5) that will yield a given electrical output power P [W]. To do this, the Laplace equation is initially solved with an arbitrary boundary condition V = V * 0 at ∂ Ω el . Then, E * and J * are obtained from the solution and the corresponding electrical power P * can be computed as
Since the solution and all the components of E and J are proportional to the value of V 0 we can scale the obtained solution, instead of recomputing it, in the following way
Let us note that this adjustment is performed only once in the beginning of the simulation. The obtained potential V 0 remains constant during the RF ablation procedure.
Numerical treatment
For the numerical solution of both of the above discussed steps of the simulation the finite element method in space is used ( [5] ). Linear conforming tetrahedral elements are used in this study, directly defined on the elements of the used unstructured mesh. This additionally provides for an optimal convergence rate and parallel scalability of the applied algebraic multigrid (AMG) preconditioner. To solve the bio-heat equation, after the space discretization, the time derivative is discretized via finite differences and the backward Euler scheme is used ( [6] ).
Let us denote with K * the stiffness matrix coming from the FEM discretization of the Laplace equation (5). It can be written in the form
,
are the FEM basis functions. The system of linear algebraic equations
is to be solved to find the nodal values X of the potential distribution. The electric field intensity and the current density are than expressed by the partial derivatives of the potential distribution in each finite element. This way, the nodal values F for the thermal energy E · J arising from the current flow are obtained.
Let us now turn our attention to the discrete formulation of the bio-heat equation. Let us denote with K and M the stiffness and mass matrices from the finite element discretization of (1). They can be written as
Let us also denote with Ω bl the subdomain of Ω where we account for the blood perfusion (the liver) and with M bl the matrix
, where Than, the parabolic equation (1) can be written in matrix form as:
If we denote with τ the time-step, with T n+1 the solution at the current time level, and with T n the solution at the previous time level and approximate the time derivative in (7) we obtain the following system of linear algebraic equations for the nodal values of T n+1
where
The matrices K * and A of the linear systems (6) and (8) are ill-conditioned and very large, having around 10 8 rows. Since they are symmetric and positive definite, we use the PCG [7] method, which is the most efficient solution method in this case. The stopping criterion used was
where ε is the given tolerance, R is the current residual, B is the right hand side of the linear system and ||X|| C ≡ (C −1 X, X) 1/2 , C is the preconditioner used. A parallel AMG implementation -BoomerAMG [8, 9 ] is used to precondition the linear systems. Since the matrix A does not vary much between time steps, we only construct the algebraic multigrid preconditioner once, before the first time-step. It can be readily used after that to precondition the linear systems for all subsequent time steps. We use the solution from the previous timestep as initial guess for the PCG method. This yields small number of iterations, when the solutions changes slowly with time.
COMPUTER SIMULATION Experimental setup
Geometry data from a real patient was used for the computer simulation. The patient's 3D MRI image (see Figure 1 ) was taken from "3D Image Reconstruction for Comparison of Algorithm Database" (3D-IRCADb) [10] . The data set used was "3Dircadb1.4". It was already segmented by clinical experts, into different tissues. This very segmentation was used in our simulations. Some of the tissues, such as skin and bones, were combined, and not distinguished. The segmentation data was in the form of 3D image, where each voxel was given a number for a particular tissue. The geometry for the RF probe was added directly into that image (see Figure 2) . Then, the unstructured mesh was generated using the CGAL library [11] . The voxel image of the segmentation was directly fed into the library, and a tetrahedral mesh was produced. Local refinement was used near the electroconducting part of the RF probe, see Figure 1 .
To simulate different ground pad positions, different boundary conditions (BCs) were applied. The corresponding BCs were incorporated in the mesh. This was performed by intersecting the body boundary with two spheres. The radiuses of the spheres and their position were chosen to produce intersections in different places, but with the same area. The area used was 12800 cm 2 -equal to the area of a real ground pad with sizes 160 cm × 80 cm. Figure 3 shows the considered positions of the ground pads. We also conducted a third simulation, where zero potential was applied to the entire boundary of the domain as usually done in existing studies. The three meshes differed only in the boundary conditions for the electrical part of the simulation.
We used IBM BlueGene/P Computer located in the Bulgarian Supercomputing Center. The parallelization approach is based on partitioning the meshes using ParMETIS [12, 13] . The partitioning is performed as a separate preprocessing step.
The conducting part of the RF probe is made from stainless steel, and the insulated one -from polyurethane. The physical properties of the materials used in our experiments are shown in Table 1 . The value for blood perfusion coefficient w bl = 6.4 −3 was taken from [1] .
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Results
Three sets of experiments with varying electrical power applied were conducted. In all simulations the procedure was performed for 7 minutes. Table 2 shows the ablated volumes with different pad positions and different output power. With V 1 is denoted the volume, where Ψ ≥ 1 and with V 4.6 -the volume with Ψ ≥ 4.6 at the and of the procedure.
When we saw the non-trivial difference in the ablated volumes, the experiments were repeated with a higher PCG accuracy. The PCG accuracy ε was increased from 10 −6 to 10 −8 . This did not produce different results. In order to make sure that the difference was not caused by discretization errors, we performed additional tests with uniformly refined mesh and a smaller timestep. Each tetrahedron in the mesh was divided into 8 smaller ones. The timestep was decreased 4 times. The comparison is shown in Table 3 in the case of 10 W with and without refinement. With N is denoted the total number of unknowns, with P number of processors used for the solution, with N it is denoted the total number of inner PCG iterations and finally the computing time in seconds is given. The number of the processors used was proportional to the number of the unknowns.
Second set of experiments show that the discretization error is insignificant. Using zero boundary conditions on the entire boundary produces 10% to 20% bigger ablated regions in all three cases. A 10% volume difference is observed between the front and back ground pad position cases, no matter the output power applied. This means, from the computation point of view, that the boundary conditions used have big influence on the results of the simulation. From the medical perspective, we see that the position of the ground pad is to be taken into account when, performing the procedure. For a particular effect one has to either move the ground pad, or adjust the ablation time and power.
Data for the execution time and number of processors used is also shown in Table 3 . For our experiments, the number of the processors used were chosen to be proportional with the data size. Although the number of time steps is increased four times, the run time increase is less then four. The total number of inner PCG iterations is less than four times bigger for the lager problem. This is due to a smaller increase of the number inner PCG iterations. As the time step decreases the relative difference between the solutions in each time step gets smaller, and so are the inner PCG iterations. As a result we solve 32 times bigger problem on 8 times more CPUs for less then 4 times slower, which shows a good scalability of the method. 
CONCLUDING REMARKS
We present a model of the RF ablation procedure along with a parallel implementation of the simulation. We use an unstructured mesh, based on the segmented MRI scan of a real liver. We focused on the effect of the boundary conditions for the electrical part of the problem. The numerical results suggest that they strongly affect the outcome of the ablation procedure in terms of volume of malignant tissue destroyed. We further studied the numerical stability of our implementation to make sure that our results are valid.
The results suggest further exploration of the boundary condition is needed to better predict the RF ablation results. As the human body is very complex the exact electrical potential is hard to predict on the boundary of any considered subdomain. However, we question the assumption that applying zero potential to the whole boundary is realistic enough. Although the difference in the electrical field was small one in all experiments, significant differences in the result of the whole process are observed.
Some results showing the parallel efficiency of our implementation on the IBM Blue Gene/P machine are also presented.
